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STABILITY OF GENERALISED PICARD SHEAVES
I. BISWAS, L. BRAMBILA-PAZ, AND P. E. NEWSTEAD
Abstract. Let C be a smooth irreducible complex projective curve of genus g ≥ 2
and M1 a moduli space of stable vector bundles over C. A (generalised) Picard sheaf
is the direct image on M1 of the tensor product of the Poincare´ or universal bundle on
M1×C by the pullback of a vector bundle E0 on C; when the degree of E0 is sufficiently
large, this sheaf is a bundle and coincides with the Fourier-Mukai transform of E0. In
this paper we include all results known to us and many new ones on the stability of
the Picard sheaves when M1 is one of the Picard variety of line bundles of degree d on
C, the moduli space of stable vector bundles of rank n and degree d on C with n, d
coprime or the moduli space of stable bundles of rank n and fixed determinant of degree
d. We prove in particular that, if E0 is a stable bundle of rank n0 and degree d0 with
nd0+n0d > n0n(2g− 1), then the pullbacks of the Picard bundle on the moduli space of
stable bundles by morphisms analogous to the Abel-Jacobi map are stable; moreover, if
nd0 + n0d > n0n(n+ 1)(g − 1) + n0, then the Picard bundle itself is stable with respect
to a theta divisor.
1. Introduction
LetM1 andM2 be two varieties and F a vector bundle over M1×M2. Given any vector
bundle E0 on M2, the torsion-free sheaf
W(F , E0) := p1∗(p
∗
2(E0)⊗F)
has been studied from various points of view. It is of great interest to relate properties
of E0 to those of W(F , E0), in particular when M1 is a moduli space of stable bundles
on M2 and F is a universal bundle. In such a case the torsion-free sheaves W(F , E0) are
called generalised Picard sheaves (or just Picard sheaves). If Rip1∗(p
∗
2(E0)⊗F) = 0 for all
i ≥ 1, then W(F , E0) is the Fourier-Mukai transform of E0 with kernel F .
In this paper we take M2 to be a smooth irreducible complex projective curve C of
genus g ≥ 2, M1 a moduli space of stable bundles over C and F a universal (or Poincare´)
bundle over M1 × C, when it exists. Our interest is when
M1 =


Picd(C) the Picard variety of line bundles of degree d on C
Mn,d the moduli space of stable bundles of rank n and degree d on C
Mn,ξ the moduli space of stable bundles of rank n and determinant ξ of degree d,
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where we suppose that gcd(n, d) = 1. When gcd(n, d) 6= 1, there are no Poincare´ bundles
in the above sense, so the Picard sheaves do not exist. Of course, Picd(C) =M(1, d), but
the methods and results are sufficiently different for us to make the distinction. For the
vector bundle F , we take Poincare´ bundles P on Picd(C)×C and U (respectively, Uξ) on
Mn,d × C (respectively, Mn,ξ × C). In this way, we obtain torsion-free sheaves
WPicd(E0) := p1∗(p
∗
2(E0)⊗ P) on Pic
d(C),
Wn,d(E0) := p1∗(p
∗
2(E0)⊗ U) on Mn,d,
Wn,ξ(E0) := p1∗(p
∗
2(E0)⊗ Uξ) on Mn,ξ,
defined for any vector bundle E0 on C of rank n0 and degree d0. We shall take E0 to
be a stable bundle, in which case the Picard sheaves are locally free when nd0 + n0d >
n0n(2g − 2) and may be referred to as Picard bundles.
When n = 1 and d ≥ 2g − 1, the bundles WPicd(OC) coincide with classical Picard
bundles (see [21], [25]). More generally, there is an extensive literature for the case
E0 = OC (see, for example, [19], [16], [20], [4], [6], [12]); the results of these papers extend
easily to the case where E0 is an arbitrary line bundle (i.e., n0 = 1). For n0 ≥ 2 and
Picard sheaves on Picd(C), see [9] and [17]. When gcd(n, d) 6= 1, it is possible to define a
projective Picard bundle PWn,ξ(E0) on the Zariski open subset
(1.1) M′E0,n,ξ = {E ∈ Mn,ξ | h
1(E0 ⊗E) = 0} ⊂ Mn,ξ
(see [6]); this subset is empty for nd0 + n0d < n0n(g − 1) by Riemann-Roch. If E0 is
semistable and nd0 + n0d > n0n(2g − 2), then M
′
E0,n,ξ
= Mn,ξ. It is of course possible
to make similar definitions for Mn,d. Projective Picard bundles on moduli spaces of
symplectic and orthogonal bundles have been studied in [7] and [8]. Picard bundles on
Prym varieties are discussed in [12]. A study of Picard bundles on nodal curves has been
initiated in [3].
Let θ1,d, θn,d and θn,ξ be line bundles corresponding to theta divisors on Pic
d(C), Mn,d
and Mn,ξ respectively. We present here a treatment of stability properties of Picard
bundles and sheaves on Picd(C), Mn,ξ and Mn,d with C smooth and E0 any stable
bundle, including all known results and significant new ones. Before stating our theorems,
we define, for any E ∈ Mn,d+n, L ∈ Pic
d′+1(C), morphisms
φE : C −→Mn,d : p 7−→ E(−p),
αL,E : Pic
d′(C) −→Mn,d : L1 7−→ E ⊗ L
−1 ⊗ L1.
These are analogous to the classical Abel-Jacobi map embedding C in Picd(C). Note that
(1.2) φE = αL,E ◦ φL.
We can now state our main results.
Theorem 1.1. Let L0 be a line bundle of degree d0 on C.
(i) For Picd(C) : if d0 + d ≥ 2g − 1 or d0 + d ≥ g and C is general, then WPicd(L0)
is θ1,d-stable.
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(ii) For Mn,ξ : if nd0+d > n(g−1) and either g ≥ 3 or g = 2 and d is not a multiple
of n, then PWn,ξ(L0) is θn,ξ-stable. Moreover, if gcd(n, d) = 1, then Wn,ξ(L0) is
θn,ξ-stable.
(iii) For Mn,d : if gcd(n, d) = 1 and nd0 + d ≥ n(2g− 1), then Wn,d(L0) is θn,d-stable.
Moreover, if nd0 + d > n(2g − 1) (respectively, ≥), then, for any E ∈ Mn,d+n,
L ∈ Picd
′+1(C),
(a) φ∗EWn,d(L0) is stable (respectively, semistable);
(b) α∗L,EWn,d(L0) is θ1,d′-stable (respectively, semistable).
If nd0 + d ≤ n(g − 1), then PWn,ξ(L0) = ∅ and, when, in addition, gcd(n, d) = 1, we
haveWn,ξ(L0) = 0. So, Theorem 1.1(ii) is best possible for g ≥ 3 and almost best possible
for g = 2. When L0 = OC , Theorem 1.1(i) is known for d0 + d ≥ 2g − 1 [19, 16], as is
(ii) for g ≥ 3 [6]; if gcd(n, d) = 1, Theorem 1.1(ii) is known for nd0 + d > 2n(g − 1) by
[4]. The first part of (iii) is known for nd0 + d > 2ng [20]. The new results are (i) for
2g− 2 ≥ d0+ d ≥ g, (ii) for g = 2, the first part of (iii) for 2n(g− 1) ≥ d ≥ n(2g− 1) and
(iii)(a) and (b).
Before stating our next result, we recall that a vector bundle E on C is called (ℓ,m)-
stable (see [23, 24]) if, for every proper subbundle F of E,
deg F + ℓ
rkF
<
degE + ℓ−m
rkE
.
Here ℓ, m are usually taken to be integers, but could be any rational numbers. For all
ℓ,m, (ℓ,m)-stability is an open condition. Similar definitions can be made for torsion-
free sheaves on higher-dimensional varieties (for the case in which we are interested, see
Definition 4.1).
Theorem 1.2. Let E0 be a stable bundle of rank n0 ≥ 2 and degree d0.
(i) For Picd(C) : if d0 + n0d > n0(2g − 1) (respectively, ≥), then WPicd(E0) is θ1,d-
stable (respectively, semistable).
(ii) For Mn,ξ : if gcd(n, d) = 1 and nd0+n0d > n0n(2g−2), then Wn,ξ(E0) is simple.
Moreover, if gcd(n, d) = 1 and either nd0 + n0d > n0n(2g − 2) or E0 is general
and nd0 + n0d > n0ng − n0, then Wn,ξ(E0) is (0,−n0 + 1)-θn,ξ-stable.
(iii) ForMn,d : if gcd(n, d) = 1 and nd0+n0d > n0n(n+1)(g−1)+n0 (respectively, ≥),
then Wn,d(E0) is θn,d-stable (respectively, semistable). Moreover, if nd0 + n0d >
n0n(2g−1) (respectively, ≥), then, for any E ∈Mn,d+n for which E0⊗E is stable,
and any L ∈ Picd
′+1(C),
(a) φ∗EWn,d(E0) is stable (respectively, semistable);
(b) α∗L,EWn,d(E0) is θ1,d′-stable (respectively, semistable).
This holds in particular for general E ∈ Mn,d+n.
The first part of Theorem 1.2(ii) is known [5]; the second part is new. Note that it does
not imply thatWn,ξ(E0) is θn,ξ-stable when n0 ≥ 2. Alternative proofs of (i) are available
[9, 17]. To our knowledge, (iii) is new.
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The main tools for the proof of the above results are the generalisation, and adaptation
to our cases, of Lemmas 1.1 and 1.2 in [16] and [20, Lemma 2.8(2)], and the use of Hecke
correspondences as in [4, 6]. The first tool will be developed in Section 2, where we relate
our problem to a conjecture of D. C. Butler; this result (Proposition 2.1) seems to be of
interest in its own right and leads to an important result on the stability of φ∗E(Wn,d(E0))
and α∗L,E(Wn,d(E0)) (Theorem 2.2). Sections 3–5 are devoted to the Picard sheaves on
the different moduli spaces. In particular, Hecke correspondences are used in Section 4.
We assume throughout that C is a smooth irreducible projective curve over C of genus
g ≥ 2.
2. Picard sheaves and Butler’s Conjecture
In this section, we relate generalised Picard sheaves on Picd(C) andMn,d to a conjecture
of D. C. Butler [14, Conjecture 2]. Butler’s conjecture is concerned with the following
construction. Given a generated vector bundle E of rank n ≥ 1 and degree d on C, we
define a vector bundle ME by the exact sequence
(2.1) 0 −→ME −→ H
0(E)⊗O −→ E −→ 0,
In [13, Theorem 1.2], Butler proved that, if E is stable of degree d > 2ng then so is
ME . His conjecture (see [14, Conjecture 2]) is a generalisation of this. The form of this
conjecture that is relevant for us asserts that, on a general curve, the bundle ME is stable
for general stable E of any degree. The following proposition is a generalisation of part
of [16, Lemma 1.1] and of a result proved but not formally stated in [20, p. 536] and
links Butler’s Conjecture to our problem. The proof follows the same lines as that of [20,
Theorem 2.5].
Proposition 2.1. Let E ∈Mn,d+n and let E0 be a vector bundle on C such that E0 ⊗E
is stable and generated with h1(E0 ⊗ E) = 0. Then
φ∗E(Wn,d(E0)) = ME0⊗E ⊗ L
′
for some line bundle L′ on C.
Proof. Let ∆ be the diagonal of C × C. The vector bundles (φE × 1C)
∗(p∗2(E0)⊗ U) and
p∗2(E0⊗E)(−∆) coincide as families of stable bundles on C with respect to p1. It follows
that there exists a line bundle L′ on C such that
(2.2) p∗2(E0 ⊗E)(−∆)⊗ p
∗
1(L
′) ∼= (φE × 1C)
∗(p∗2(E0)⊗ U).
Tensoring the exact sequence
0 −→ OC×C(−∆) −→ OC×C −→ O∆ −→ 0
by p∗2(E0 ⊗E) and taking direct images by p1, we obtain an exact sequence
(2.3) 0 −→ p1∗(p
∗
2(E0 ⊗E)(−∆)) −→ H
0(E0 ⊗E)⊗OC −→ E0 ⊗ E.
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Since E0 ⊗ E is generated, the right-hand map in (2.3) is surjective, so ME0⊗E
∼=
p1∗(p
∗
2(E0 ⊗E)(−∆)). Hence, by (2.2),
(2.4) ME0⊗E ⊗ L
′ ∼= p1∗(φE × 1C)
∗(p∗2(E0)⊗ U).
Since E0⊗E is generated and h
1(E0⊗E) = 0, we have h
1(E0⊗E)(−p) = 0 for all p ∈ C.
We can therefore apply base change to the right hand side of (2.4) to get the result. 
This leads in particular to the main theorem of this section.
Theorem 2.2. Suppose that E ∈Mn,d+n, L ∈ Pic
d′+1 and E0 ∈ Mn0,d0.
(a) If E0⊗E is stable and generated with h
1(E0⊗E) = 0 and ME0⊗E is stable (respec-
tively, semistable), then
(i) φ∗E(Wn,d(E0)) is stable (respectively, semistable);
(ii) α∗L,E(Wn,d(E0)) is θ1,d′-stable (respectively, semistable).
(b) If nd0 + n0d > n0n(2g − 1) (respectively, ≥), then (i) and (ii) hold for any E ∈
Mn,d+n for which E0 ⊗ E is stable, and in particular for general E ∈Mn,d+n.
To prove this theorem, we need some lemmas. The first is [20, Lemma 2.7].
Lemma 2.3. Let A be an abelian variety, B and C subvarieties of A satisfying dimB +
dimC < dimA. Then the set U := {t ∈ A|(B + t) ∩ C = ∅} is a non-empty open subset
of A.
We use this lemma to generalise [16, Lemma 1.2] and [20, Lemma 2.8(2)] to torsion-free
sheaves.
Lemma 2.4. Let E be a torsion-free sheaf on Picd
′
(C). If φ∗L(E) is stable (respectively,
semistable) for some L ∈ Picd
′+1(C), then E is θ1,d′-stable (respectively, semistable).
Proof. Let F be a proper torsion-free subsheaf of E such that E/F is also torsion-free.
The set of points of Picd(C) at which at least one of E , F and E/F fails to be locally free
is a closed subset of codimension at least 2. It follows from Lemma 2.3 that there is an
open set U ⊂ Picd
′+1(C) such that, for all L ∈ U , φ∗L(E) is a vector bundle and φ
∗
L(F)
is a proper subbundle. Since stability is an open condition, the hypotheses of the lemma
allow us to assume that φ∗L(E) is also stable. Hence
c1(φ
∗
L(F))/ rk(φ
∗
L(F)) < c1(φ
∗
L(E))/ rk(φ
∗
L(E)),
or, equivalently,
φL(C) · c1(F)/ rk(F) < φL(C) · c1(E)/ rk(E).
Since φL(C) is cohomologically equivalent to c1(θ1,d′)
g−1/(g−1)! by the Poincare´ formula,
this is just the θ1,d′-stability condition for E .
For the semistable version, we simply replace < by ≤. 
Lemma 2.5. Let E0 ∈ Mn0,d0 and let E ∈Mn,d+n be general. Then E0 ⊗E is stable.
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Proof. Note first that E0⊗E is polystable. In fact, the connection on E0⊗E induced by
the Hermitian-Einstein connections on E0 and E is also Hermitian-Einstein. It is therefore
sufficient to prove that, for general E, the bundle E0⊗E is simple. Since simplicity is an
open condition by the semi-continuity theorem, it is sufficient to find one E ∈Mn,d+n for
which this holds.
For this, note first that we can use Hermitian-Einstein connections again to prove that
ad(E0) is polystable. Now choose E such that ad(E) is stable and not isomorphic to any
of the stable direct factors of the polystable bundle ad(E0). In fact, to show that ad(E)
is stable for general E, we can use the argument of [26, § 3] (see also [1, Theorem 2.7]).
For any vector space V , the natural inclusion of sl(V ) in gl(gl(V )) is canonically a direct
summand (as GL(V )-modules) since GL(V ) is reductive. It follows that ad(E) is a direct
summand of End(End(E)). Hence the induced map
H1(ad(E)) −→ H1(End(End(E)))
is injective. The bundle E constructed above can therefore be deformed so that ad(E)
remains stable but is not isomorphic to any of the stable direct factors of ad(E0).
Since ad(E0) and ad(E) both have degree 0, it now follows that, for such E, there are
no non-zero homomorphisms between them. Since ad(E) is self-dual, this implies that
H0(ad(E0)⊗ ad(E)) = 0 and hence
H0(End(E0)⊗ End(E)) = H
0(End(E0))⊕H
0(ad(E))⊕H0(ad(E0)⊗ ad(E)) ∼= C.
So E0 ⊗ E is simple as required. 
Remark 2.6. Note that E0 ⊗ E is semistable without any generality condition on E.
Hence, if gcd(nd0 + n0d, n0n) = 1, then E0 ⊗E is always stable.
Proof of Theorem 2.2. (a) (i) is immediate from Proposition 2.1. (ii) then follows from
(1.2) and Lemma 2.4.
(b) By Lemma 2.5, the bundle E0⊗E is stable for general E. Moreover, if nd0+n0d ≥
n0n(2g− 1), then E0 ⊗E is generated and h
1(E0 ⊗E) = 0. It follows from [13, Theorem
1.2] that ME0⊗E is semistable and is stable if nd0 + n0d > n0n(2g − 1). So (b) follows
from (a). 
In order to apply Theorem 2.2 to our problem, we need to relate the stability ofWn,d(E0)
to that of φ∗E(Wn,d(E0)) and α
∗
L,E(Wn,d(E0)). It will turn out that this is easy when n = 1
but more difficult for n ≥ 2.
3. Picard sheaves on Picd(C)
In this section, the following propositions will prove Theorem 1.1(i) and Theorem 1.2(i).
Note that, when n = 1, we can take E = L ∈ Picd+1. It follows that αL,E = 1Picd(C).
Proposition 3.1. If d0+n0d > n0(2g−1) (respectively, ≥), then WPicd(E0) is θ1,d-stable
(respectively, semistable).
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Proof. In this case, E0⊗L is certainly stable and generated with h
1(E0⊗L) = 0. Moreover
ME0⊗L is stable (respectively, semistable) by [13, Theorem 1.2] since deg(E0 ⊗ L) =
d0+n0(d+1) > 2n0g (respectively, ≥). The result follows at once from Theorem 2.2(a)(ii)
and the fact that αL,L = 1Picd(C). 
Remark 3.2. If d0 + d = 2g − 1, it is in fact true that WPicd(L0) is θ1,d-stable. This
follows from [19], where the result is proved for L0 = OC .
Proposition 3.3. Let C be a general curve of genus g ≥ 2 and L0 a line bundle on C of
degree d0 with d0 + d ≥ g. Then WPicd(L0) is θ1,d-stable.
Proof. For general L ∈ Picd+1(C), we have h1(L0 ⊗ L) = 0 and L0 ⊗ L is generated.
Moreover, for g ≥ 3, ML0⊗L is stable by [14, Theorem 2] (see also [11, Proposition 4.1])
and the result follows from Theorem 2.2(a)(ii). For g = 2, the only outstanding case is
d0 + d = 2 and then WPicd(L0) has rank 1. 
Propositions 3.1 and 3.3 and Remark 3.2 complete the proofs of Theorem 1.1(i) and
Theorem 1.2(i).
Remark 3.4. For other proofs of Theorem 1.2(i), see [9, Lemma 2.1] or [17, Theorem A];
a result on semistability when n0(g − 1) < d0 ≤ n0g may be found in [17, Theorem B].
4. Picard sheaves on Mn,ξ
In this section, we are concerned with results for Picard sheaves on Mn,ξ and, in
particular, with establishing Theorems 1.1(ii) and 1.2(ii). For 1.1(ii), we are not assuming
that gcd(n, d) = 1, so we need to show that θn,ξ-stability is well defined on Mn,ξ and on
the open subset M′L0,n,ξ ⊂ Mn,ξ (see (1.1)).
Recall that Mn,ξ has a natural compactification Mn,ξ, which is locally factorial with
Pic(Mn,ξ) ∼= Z [15]. It is well known that the complement of Mn,ξ in Mn,ξ has codi-
mension ≥ 2 unless g = n = 2 and d is even. Except in this case, we therefore have
Pic(Mn,ξ) ∼= Z and we can take θn,ξ to be the positive generator. For any torsion-free
sheaf E onMn,ξ, we can write c1(E) = λEc1(θn,ξ) for some integer λE . The sheaf E is now
θn,ξ-stable (semistable) if, for every proper subsheaf F of E ,
λF
rkF
< (≤)
λE
rk E
.
Definition 4.1. Suppose that g ≥ 3 or n ≥ 3 or g = n = 2 and d is odd. A torsion-free
sheaf E on Mn,ξ is (ℓ,m)-θn,ξ-stable (semistable) if, for every proper subsheaf F of E ,
(4.1)
λF + ℓ
rkF
< (≤)
λE + ℓ−m
rk E
.
Remark 4.2. This definition makes sense on any projective variety whose Picard group
is isomorphic to Z.
In order to prove Theorem 1.1(ii), we need some lemmas.
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Lemma 4.3. If L0 is a line bundle of degree d0 and nd0 + d > n(g − 1), then, unless
g = n = 2 and d is even, the complement of M′L0,n,ξ in Mn,ξ has codimension ≥ 2.
Proof. Since we know that, under the hypotheses of the lemma, the complement of Mn,ξ
inMn,ξ has codimension ≥ 2, it remains to prove that the complement ofM
′
L0,n,ξ
inMn,ξ
has codimension ≥ 2. For g ≥ 3, this is proved in [6, Lemma 4.1]. In fact, the proof of
that lemma shows that the codimension ≥ 1 + nd0 + d− n(g − 1) whenever g ≥ 2, which
gives the required result. 
Under the hypotheses of Lemma 4.3, we now see that the restriction of the positive
generator θn,ξ of Pic(Mn,ξ) ∼= Z toM
′
L0,n,ξ
generates Pic(M′L0,n,ξ); we continue to denote
this generator by θn,ξ. We can therefore extend the concept of θn,ξ-stability to torsion-free
sheaves and projective bundles on M′L0,n,ξ.
Lemma 4.4. Let ξ be a line bundle of degree d on C, L0 a line bundle of degree d0 and
p ∈ C. Then there exist (0, 1)-stable bundles of rank n and determinant Ln0 ⊗ ξ(p) if and
only if either g ≥ 3 or g = 2 and d is not a multiple of n.
Proof. When gcd(n, d) = 1, the existence of (0, 1)-stable bundles inMLn
0
⊗ξ(p) follows from
[4, Lemma 2]. In fact, the proof of that lemma shows that (0, 1)-stable bundles exist unless
g = 2 and there exists an integer e such that ne = (n− 1)(nd0 + d), in other words, d is
a multiple of n. It remains to show that, if g = 2 and F ∈MLn
0
⊗ξ(p) with d a multiple of
n, then E is not (0, 1)-stable. In fact, by [22], any vector bundle F of rank n and degree
nd0 + d+ 1 admits a subbundle of rank n− 1 and degree d
′ with
(n− 1)(nd0 + d+ 1)− nd
′ ≤ (n− 1)g = 2(n− 1).
This condition simplifies to nd′ ≥ (n− 1)(nd0 + d− 1). Since d is a multiple of n, this is
equivalent to
d′
n− 1
≥
nd0 + d
n
,
which contradicts the (0, 1)-stability of F . 
Proof of Theorem 1.1(ii). Let L0 be a line bundle of degree d0 with nd0 + d > n(g − 1)
and let f :Mn,ξ −→Mn,Ln
0
⊗ξ be defined by f(E) = (L0 ⊗ E). Then
f ∗(PWn,Ln
0
⊗ξ(OC)) ∼= PWn,ξ(L0) .
If g ≥ 3, Theorem 1.1(ii) now follows directly from [6, Theorem 4.4 and Corollary 4.5].
When g = 2, we use Lemma 4.3 in place of [6, Lemma 4.1] and Lemma 4.4 in place of [6,
Lemma 3.4]. The proofs of [6, Theorem 4.4 and Corollary 4.5] now remain valid. 
We turn to the case n0 ≥ 2 and assume that gcd(n, d) = 1. Now Mn,ξ is a smooth
projective variety with Pic(Mn,ξ) ∼= Z and the Picard sheaf is defined on the whole of
Mn,ξ.
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We now recall more details from [4]. For any vector bundle F of rank n and determinant
ξ(p) with p ∈ C, the non-trivial exact sequences
(4.2) 0 −→ E −→ F −→ Cp −→ 0
form a family parametrised by the projective space P(F ∗p ). If F is (0, 1)-stable, then E is
stable, so we obtain a morphism
ψF,p : P(F
∗
p ) −→Mn,ξ.
Lemma 4.5. Suppose that gcd(n, d) = 1 and let F be a (0, 1)-stable bundle of rank n and
determinant ξ(p) for some line bundle ξ of degree d and some p ∈ C. Then ψF,p is an
isomorphism onto its image and
(4.3) ψ∗F,p(θn,ξ)
∼= OP(F ∗p )(1).
Proof. For the first statement, see [24, Lemma 5.9] (or [4, Lemma 3]). After tensoring
by a line bundle on C, we can suppose that d > 2n(g − 1). It follows from [4, Diagram
(6)] that, for the integer j defined in [4, Formula (3)], ψ∗F,p(Wn,ξ(OC)(−j)) has degree −1.
Since θn,ξ is the positive generator of Pic(Mn,ξ), the formula (4.3) follows. 
In view of Lemma 4.5, we can identify P(F ∗p ) with its image in Mn,ξ.
Lemma 4.6. Suppose that gcd(n, d) = 1, E0 ∈Mn0,d0 and F ∈Mn,ξ(p). Suppose further
that one of the following holds:
(i) nd0 + n0d > n0n(2g − 2) and F is (0, 1)-stable;
(ii) nd0 + n0d > n0ng − n0 and E0 and F are general.
Then there exists an exact sequence
0 −→ H0(E0 ⊗ F (−p))⊗OP(F ∗p ) −→ ψ
∗
F,p(Wn,ξ(E0))(−j) −→ ΩP(F ∗p )(1)⊗ (E0)p
−→ H1(E0 ⊗ F (−p))⊗OP(F ∗p ) −→ 0.(4.4)
Proof. The bundle E0⊗E is semistable for every E ∈Mn,ξ. Hence, if (i) holds, H
1(E0⊗
E) = 0 for all such E. Tensoring by E0 in [4, Diagram (4)] and by p
∗
2(E0) in [4, Diagram
(5)] (note that our p1, p2 correspond respectively to p2, p1 in [4]), we obtain from [4,
Diagram (6)] the required exact sequence (4.4).
Now suppose that (ii) holds. The bundle E0 ⊗ F (−p) is semistable. If L is a general
element of Pic0(C), then F (−p)⊗ L is a general element of Mn,d+1−n; moreover, for any
L, E0 ⊗ L
−1 is a general element of Mn0,d0 . It follows from [18, Theorem 4.6] that
E0 ⊗ L
−1 ⊗ F (−p)⊗ L = E0 ⊗ F (−p)
is non-special. Since nd0+n0(d+1−n) > n0n(g−1), this implies thatH
1(E0⊗F (−p)) = 0.
It follows that H1(E0 ⊗ E) = 0 for all E ∈ P(F
∗
p ). The argument is completed as in case
(i). 
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Remark 4.7. If the hypotheses of Lemma 4.6 hold, then (4.4) implies that ψ∗F,p(Wn,ξ(E0))
is locally free. Moreover, since ΩP(F ∗p )(1) has degree −1, it follows at once from (4.4) that
ψ∗F,p(Wn,ξ(E0))(−j) has degree −n0; so ψ
∗
F,p(Wn,ξ(E0)) is not semistable.
Lemma 4.8. Suppose that the hypotheses of Lemma 4.6 hold. Then, for any proper
subsheaf G of rank r of ψ∗F,p(Wn,ξ(E0))(−j) whose image in ΩP(F ∗p )(1)⊗ (E0)p is non-zero,
(4.5)
deg G
r
<
degψ∗F,p(Wn,ξ(E0))(−j) + n0 − 1
rkWn,ξ(E0)
.
.
Proof. Since ΩP(F ∗p )(1)⊗(E0)p is semistable of negative degree, it follows from the hypoth-
esis and (4.4) that deg G ≤ −1. So
deg G
r
≤
−1
r
<
−1
rkWn,ξ(E0)
=
degψ∗F,p(Wn,ξ(E0))(−j) + n0 − 1
rkWn,ξ(E0)
,
since degψ∗F,p(Wn,ξ(E0))(−j) = −n0. 
Lemma 4.9. Let p1, . . . , pm ∈ C and let F be a subsheaf of Wn,ξ(E0). There exists a
non-empty open subset U of Mn,ξ such that, if E ∈ U , then
(i) F is locally free at E;
(ii) the homomorphism of fibres FE −→Wn,ξ(E0)E is injective;
(iii) for all pi and for the generic extension (4.2) with p = pi, the vector bundle F
is (0, 1)-stable and F is locally free at every point of ψF,pi(P(F
∗
pi
)) outside some
subvariety of codimension at least 2.
Proof. The proof is identical with that of [4, Lemma 4]. 
Lemma 4.10. Suppose that gcd(n, d) = 1 and E0 ∈ Mn0,d0 and that either nd0 + n0d >
n0n(2g − 2) or E0 is general and nd0 + n0d > n0ng − n0. Let F be a proper subsheaf of
Wn,ξ(E0). Then, for general E ∈Mn,ξ and general F as in (4.2), there exists p ∈ C such
that the image of ψ∗F,pF(−j) in ΩP(F ∗p )(1)⊗ (E0)p is non-zero.
Proof. We follow the proof on p.567 of [4]. Choose points p1, . . . , pm ∈ C withm >
nd0+n0d
n0n
and choose E and F as in Lemma 4.9. In particular, F is (0, 1)-stable, so Lemma 4.5
applies and (4.4) holds. Since E0⊗E is semistable, H
0(E0⊗E(−p1− . . .−pm)) = 0. Let
v be a non-zero element of FE. By Lemma 4.9, the image s of v in Wn,ξ(E0) is non-zero.
Since H0(E0⊗E(−p1− . . .−pm)) = 0, there exists p := pi such that s(p) 6= 0. By further
restricting F , we can suppose that s 6∈ H0(E0 ⊗ F (−p))). The result now follows from
(4.4). 
Proof of Theorem 1.2(ii). The first statement follows from [5, Corollary 21].
For the second statement, let F be a proper subsheaf ofWn,ξ(E0) of rank r. Choose E,
F and p as in Lemma 4.10 and let F1 be the image of ψ
∗
F,pF(−j) in ψ
∗
F,p(Wn,ξ(E0))(−j).
In view of Lemma 4.10, we can take G = F1 in Lemma 4.8. On the other hand, by
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Lemma 4.9(iii), the sheaf F1 is isomorphic to ψ
∗
F,pF(−j) away from some subvariety of
codimension 2. It follows from Lemma 4.8 that
degψ∗F,pF(−j)
r
<
deg ψ∗F,p(Wn,ξ(E0))(−j) + n0 − 1
rkWn,ξ(E0)
.
By (4.3), we have
λF
r
=
degψ∗F,pF
r
<
deg ψ∗F,p(Wn,ξ(E0)) + n0 − 1
rkWn,ξ(E0)
=
λWn,ξ(E0) + (n0 − 1)
rkWn,ξ
.
This completes the proof. 
5. Picard sheaves on Mn,d
In this section, we prove Theorem 1.1(iii) and Theorem 1.2(iii).
Lemma 5.1. Suppose that gcd(n, d) = 1 and let L0 be a line bundle of degree d0. If
nd0 + d ≥ n(2g − 1), then Wn,d(L0) is θn,d-stable.
Proof. Suppose first that nd0 + d > 2ng. Let f
′ : Mn,d −→ Mn,nd0+d be defined by
f ′(E) = (L0 ⊗ E). Then
f ′∗(Wn,nd0+d(OC))
∼=Wn,d(L0).
The result now follows from [20, Theorem 1].
Under the weaker assumption nd0 + d ≥ n(2g − 1), consider the morphism
f ′′ : Pic0(C)×Mn,ξ −→Mn,d : (L1, E) 7−→ L1 ⊗ E.
This is a finite map, so Wn,d(L0) is θn,d-stable if f
′′∗(Wn,d(L0)) is f
′′∗(θn,d)-stable.
Now consider the restriction of f ′′∗(Wn,d(L0)) to a factor Pic
0(C) × {E1}. From the
definition, it follows that, if L ∈ Pic1(C),
f ′′∗(Wn,d(L0))|Pic0(C)×{E1}
∼= α∗L,E1⊗L(Wn,d(L0)).
Since L0 is a line bundle, it follows from Theorem 2.2(b) that f
′′∗(Wn,d(L0))|Pic0(C)×{E1}
is θ1,0-semistable. On the other hand, for L1 ∈ Pic
0(C)
f ′′∗(Wn,d(L0))|{L1}×Mn,ξ
∼=Wn,ξ(L1 ⊗ L0)
and this is θn,ξ-stable by Theorem 1.1(ii). It follows from [20, Proposition 4.8] and [1,
Lemma 2.2] that Wn,d(L0) is θn,d- stable. 
Remark 5.2.
(i) Note that we require only one of the restrictions to be stable to apply [1, Lemma
2.2]; the other needs only to be semistable.
(ii) For nd0 + n0d ≥ n0n(2g − 1), the same argument will prove that, if Wn,ξ(E0) is
θn,ξ-stable, then Wn,d(E0) is θn,d-stable.
Proof of Theorem 1.1(iii). Lemma 5.1 proves the first statement of the theorem. Since
L0 is a line bundle, the second statement follows directly from Theorem 2.2(b). 
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For the proof of Theorem 1.2(iii), the methods above do not currently work, although
Theorem 2.2(b) does apply. Instead, we need to use an argument based on the use of
spectral curves. Recall from [2] and [20] that, for any n, d, there exist a smooth irreducible
n-sheeted covering π : C ′ −→ C and an open set
T δ := {L ∈ Picδ(C ′)|π∗(L) is stable}
such that the morphism h : T δ −→Mn,d defined by h(L) = π∗(L) is dominant. Here
(5.1) δ = d+ n(n− 1)(g − 1), g(C ′) = n2(g − 1) + 1
and
(5.2) π∗(OC′) ∼= OC ⊕K
−1
C ⊕ · · · ⊕K
n−1
C .
Lemma 5.3. Except when g = n = 2 and d is even, the complement of T δ in Picδ(C ′)
has codimension ≥ 2.
Proof. For n ≥ 3, it is proved in [2, Remark 5.2] that codim((T δ)c) ≥ 2g − 2. For n = 2,
we can proceed as in this remark to obtain
codim((T δ)c) ≥ g − 1,
with strict inequality if δ is odd. This completes the proof. 
Let θ1,δ denote a θ-bundle on Pic
δ(C ′). In [20, Theorem 4.3], Li related the theta-bundle
θn,d to θ1,δ.
Lemma 5.4. Suppose that gcd(n, d) = 1 and let E be a vector bundle on Mn,d. If h
∗(E)
extends to a θ1,δ-stable (respectively, semistable) bundle on Pic
δ(C ′), then E is θn,d-stable
(respectively, semistable). Moreover, if φ∗L(h
∗(E)) is stable for some L ∈ Picδ(C ′), then E
is θn,d-stable.
Proof. By [20, Theorem 4.3], we have
h∗(θn,d) ∼= θ
n
1,δ|T δ .
Since dimT δ = n2(g− 1) + 1 = dimMn,d, the first part of the result now follows from [1,
Lemma 2.1]. The second part follows from Lemma 2.4. 
Lemma 5.5. Let E be a stable (respectively, semistable) bundle on C. Then π∗(E) is
stable (respectively, semistable) on C ′.
Proof. For E semistable, this is [10, Theorem 2.4].
Now assume that E is stable. We know that π∗(E) is polystable on C ′ [10, Proposition
2.3]. Moreover,
H0(End(π∗(E))) = H0(π∗(End(π
∗(E)))) = H0(End(E)⊗ π∗(OC′)) = C,
where the last equality comes from (5.2) and the fact that E is simple and End(E) is
semistable of degree 0. So π∗(E) is simple and therefore stable. 
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Lemma 5.6. Suppose that gcd(n, d) = 1, nd0 + n0d > n0n(2g − 2) and E0 ∈ Mn0,d0.
Then
(W1,δ(π
∗(E0)))|T δ ∼= h
∗(Wn,d(E0)) .
Proof. Let Pδ be a Poincare´ bundle on Picδ(C ′) × C ′. Possibly after tensoring by a line
bundle lifted from T δ, it follows from the definitions that
(1T δ × π)∗(P
δ|T δ×C′) ∼= (h× 1C)
∗(U).
Now, tensoring both sides by p∗2(E0) and taking direct images by pT , we obtain
pT∗(p
∗
2(π
∗(E0))⊗ P
δ|T δ×C′) ∼= pT∗(h× 1C)
∗(U ⊗ p∗2(E0))
on T δ. Using base change on the right hand side, this gives the result. 
Proof of Theorem 1.2(iii). Let E0 ∈ Mn0,d0. By Lemma 5.5, the bundle π
∗E0 on C
′ is
stable. Hence, by Theorem 1.2(i), W1,δ(π
∗(E0)) is θ1,δ-stable (respectively, semistable) on
Picδ(C ′) provided that nd0 + n0δ > n0(2g(C
′)− 1) (respectively, ≥). Using (5.1), we see
that this condition is equivalent to
nd0 + n0d > n0n(n+ 1)(g − 1) + n0 (respectively ≥ ).
The first statement now follows from Lemmas 5.4 and 5.6. The second statement follows
from Theorem 2.2(b). 
Remark 5.7. Suppose nd0 + n0δ > n0(g(C
′) − 1). If W1,δ(π
∗(E0)) were θ1,δ-stable and
Lemma 5.6 still held, then we would haveWn,d(E0) θn,d-stable for nd0+n0d > n0n(g−1).
This is a plausible conjecture.
References
[1] V. Balaji, L. Brambila-Paz and P. E. Newstead, Stability of the Poincare´ bundle, Math. Nachr. 188
(1997), 5–15.
[2] A. Beauville, M. S. Narasimhan and S. Ramanan, Spectral curves and the generalised theta divisor,
J. Reine Angew. Math. 398 (1989), 169–179.
[3] U. N. Bhosle and A. J. Parameswaran, Picard bundles and Brill-Noether loci in the compactified
Jacobian of a nodal curve, Internat. Math. Research Notes, Vol.2014, no.15, pp. 4241–4290.
[4] I. Biswas, L. Brambila-Paz, T. L. Go´mez and P. E. Newstead, Stability of the Picard bundle, Bull.
London Math. Soc. 34 (2002), 561–568.
[5] I. Biswas, L. Brambila-Paz and P. E. Newstead, Deformations of the generalised Picard bundle,
Topology , 45 (2006), 403–419.
[6] I. Biswas, L. Brambila-Paz and P. E. Newstead, Stability of projective Poincare´ and Picard bundles,
Bull. London Math. Soc. 41 (2009), 458–472.
[7] I. Biswas and T. L. Gomez, Hecke correspondence for symplectic bundles with application to the
Picard bundles, Internat. J. Math. 17 (2006), 45–63.
[8] I. Biswas and T. L. Gomez, Hecke correspondence for orthogonal bundles and stability of Picard
bundles, Comm. Anal. Geom. 18 (2010), 857–890.
[9] I. Biswas and G. V. Ravindra, On the Picard bundle, Bull. Sci. math. 133 (2009), 51–55.
[10] I. Biswas and S. Subramanian, Semistability and finite maps, Arch. Math. 93 (2009), 437–443.
[11] L. Brambila-Paz, Non-emptiness of moduli spaces of coherent systems, Internat. J. Math. 18, 777–
799.
[12] L. Brambila-Paz, E. Gomez-Gonza´lez and F. Pioli, On Picard bundles over Prym varieties Collect.
Math. 52 (2001), 157–168
14 I. BISWAS, L. BRAMBILA-PAZ, AND P. E. NEWSTEAD
[13] D. C. Butler, Normal generation of vector bundles over a curve, J. Diff. Geom. 39 (1994), 1–34.
[14] D. C. Butler, Birational maps of moduli of Brill-Noether pairs, arXiv:alg-geom/9705009.
[15] J.-M. Drezet and M. S. Narasimhan, Groupe de Picard des varie´te´s de modules de fibre´s semi-stables
sur les courbes alge´briques, Invent. Math. 97 (1989), 53–94.
[16] L. Ein and R. Lazarsfeld, Stability and restrictions of Picard bundles with an appli- cation to the
normal bundles of elliptic curves, in Complex Projective Geometry, eds. G. Ellingsrud, C. Peskine,
G. Sacchiero and S. A. Stromme, LMS Lecture Notes Series, Vol. 179 (Cambridge University Press,
Cambridge, 1992), pp. 149–156
[17] G. Hein and D. Ploog, Stability of Picard sheaves for vector bundles on curves, arXiv:1511.06550.
[18] A. Hirschowitz, Proble`mes de Brill-Noether en rang supe´rieur, Pre´publications Mathe´matiques n.91,
Nice (1986).
[19] G. Kempf, Rank g Picard bundles are stable, Amer. J. Math. 112 (1990), 397–401.
[20] Y. Li, Spectral curves, theta divisors and Picard bundles, Internat. J. Math. 2 (1991), 525–550.
[21] A. Mattuck, Picard bundles, Illinois J. Math. 5 (1961), 550–564.
[22] S. Mukai and F. Sakai, Maximal subbundles of vector bundles on a curve, Manuscripta Math. 52
(1985), 251–256.
[23] M. S. Narasimhan and S. Ramanan, Deformations of the moduli space of vector bundles over an
algebraic curve, Ann. of Math. 101 (1975), 391–417.
[24] M. S. Narasimhan and S. Ramanan, Geometry of Hecke cycles. I, C. P. Ramanujan—a tribute, pp.
291–345, Tata Inst. Fund. Res. Studies in Math., 8, Springer, Berlin-New York, 1978.
[25] R. L. E. Schwarzenberger, Jacobians and symmetric products, Illinois J. Math. 7 (1963), 257–268
[26] S. Subramanian, Mumford’s example and a general construction, Proc. Indian Acad. Sci. Math. Sci.
99 (1989), 197–208.
School of Mathematics, Tata Institute of Fundamental Research, Homi Bhaba Road,
Mumbai 400005, India
E-mail address : indranil@math.tifr.res.in
CIMAT, Apdo. Postal 402,C.P. 36240, Guanajuato, Mexico
E-mail address : lebp@cimat.mx
Department of Mathematical Sciences, The University of Liverpool, Peach Street,
Liverpool, L69 7ZL, England
E-mail address : newstead@liverpool.ac.uk
